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Abstract
The known structure of the automorphism group of the extended binary quadratic-residue
code of length 80 is used for the construction of 36 new extremal doubly-even codes of length
88. All these codes have an automorphism of order ﬁve with eight ﬁxed points and are
inequivalent to the previously known 34 codes.
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1. Introduction
Any k-dimensional linear subspace, C; of n-tuples over the ﬁnite ﬁeld GFðqÞ is
called an ½n; k code. The weight, wtðvÞ; of a vector vAGFðqÞn is the number of
nonzero entries of v: The distance, distðu; vÞ; between two vectors u and v is the
weight of u  v: We say that an ½n; k code C is an ½n; k; d code if the distance
between any two different vectors from C is at least d: The minimum distance d of C
determines the error correcting capabilities of the code C: The dual code of C with
respect to some chosen inner product is C> ¼ fvAGFðqÞnj/u; vS ¼ 0 8uACg: A
code C is self-dual if C> ¼ C: A binary self-dual code is called doubly even if the
ARTICLE IN PRESS
Corresponding author.
E-mail addresses: vgoodwin@uncfsu.edu (V. Goodwin), vyorgov@uncfsu.edu (V. Yorgov).
1071-5797/$ - see front matter r 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.ffa.2004.02.002
weight of every code vector is a multiple of 4. For basic deﬁnitions and facts related
to self-dual codes we refer to [7].
The minimum distance d of a binary self-dual ½n; n=2; d code is bounded by [6,1,9]
dp
4I n
24
mþ 6; if n  22 ðmod 24Þ;
4I n
24
mþ 4; otherwise:

ð1Þ
A binary self-dual code which reaches bound (1) is called extremal. The weight
enumerator of an ½n; k code C is the polynomialPni¼0 Aiyi; where Ai is the number
of weight i vectors in C: In many cases extremal codes have uniquely determined
weight enumerator [2,7]. In particular, any extremal self-dual doubly-even binary
code of length 88 must have minimum weight 16 and 32164 vectors of weight 16. The
ﬁrst known extremal code of length 88 is the bordered double circulant code given in
([7], Fig. 16.7). The next 33 extremal codes are determined in [3,4,8,10]. If a code can
be obtained from C by applying a ﬁxed permutation, then it is called equivalent to C:
It is shown in [3] that these 34 codes are inequivalent. In this work we ﬁnd 36 new
extremal doubly-even codes presented in Table 1. These new codes and the
previously known 34 codes are inequivalent.
2. Construction of the codes
Let eðxÞ ¼P39i¼1 xi2 ðmod 79Þ: We call the ideal Q79 ¼ /eðxÞS in the factor ring
GFð2Þ½x=/x79  1S the quadratic residue code of length 79. The extended quadratic
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Table 1
Code parameters
mð9Þ; mð10Þ;y;mð16Þ mð2Þ Mð2Þ mð9Þ; mð10Þ;y;mð16Þ mð2Þ Mð2Þ
C1 9; 10; 16; 12; 11; 15; 13; 14 892 1132 C2 9; 10; 14; 16; 11; 12; 15; 13 878 1202
C3 9; 10; 16; 13; 11; 14; 12; 15 857 1127 C4 9; 10; 16; 13; 11; 15; 12; 14 912 1107
C5 9; 10; 14; 16; 11; 13; 15; 12 852 1122 C6 9; 12; 10; 16; 11; 15; 13; 14 892 1093
C7 9; 13; 11; 10; 15; 16; 12; 14 887 1127 C8 9; 12; 13; 14; 10; 15; 16; 11 847 1117
C9 9; 12; 13; 14; 10; 16; 15; 11 887 1124 C10 9; 13; 14; 15; 10; 12; 16; 11 872 1112
C11 9; 15; 13; 14; 10; 16; 12; 11 922 1108 C12 9; 12; 11; 13; 15; 16; 10; 14 887 1157
C13 9; 12; 13; 11; 15; 16; 10; 14 919 1153 C14 9; 14; 12; 11; 16; 13; 10; 15 892 1096
C15 9; 12; 16; 13; 11; 15; 10; 14 892 1093 C16 9; 13; 16; 12; 11; 15; 10; 14 887 1109
C17 9; 15; 13; 16; 11; 12; 10; 14 862 1162 C18 9; 16; 13; 14; 11; 15; 10; 12 867 1107
C19 9; 15; 16; 14; 11; 13; 10; 12 877 1102 C20 9; 16; 15; 14; 11; 13; 10; 12 832 1132
C21 9; 15; 12; 11; 14; 16; 13; 10 852 1212 C22 16; 9; 10; 14; 13; 15; 12; 11 872 1091
C23 13; 9; 12; 10; 14; 15; 16; 11 802 1132 C24 12; 9; 11; 13; 10; 16; 15; 14 832 1132
C25 12; 9; 15; 14; 10; 11; 13; 16 837 1152 C26 12; 9; 11; 13; 15; 10; 16; 14 907 1102
C27 12; 9; 11; 13; 15; 16; 10; 14 872 1157 C28 16; 9; 11; 15; 13; 14; 12; 10 857 1157
C29 16; 9; 15; 12; 13; 11; 14; 10 832 1102 C30 11; 15; 9; 10; 13; 14; 12; 16 882 1137
C31 12; 11; 9; 10; 14; 15; 13; 16 852 1167 C32 16; 11; 9; 10; 12; 15; 13; 14 907 1147
C33 15; 11; 9; 10; 13; 14; 12; 16 914 1157 C34 13; 12; 9; 10; 11; 15; 16; 14 892 1147
C35 16; 12; 9; 10; 11; 15; 13; 14 920 1172 C36 13; 16; 9; 10; 14; 11; 12; 15 858 1143
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residue code, Q79; can be obtained from it by adding a parity-check bit at the end of
each vector. An automorphism of a code is a permutation that ﬁxes the code as a set.
It is known ([7] Chapter 16) that Q79 is self-dual doubly even binary [80,40,16] code
with automorphism group PSL2ð79Þ (the projective special linear group). Hence the
permutation fðiÞ ¼ iþ1
66i
ðmod 79Þ is an automorphism of Q79 that has two cycles of
length 40 (see Lemma 14 in Chapter 16 of [7]). Then f8 is an automorphism of order
ﬁve without ﬁxed points. We apply a permutation to Q79 to obtain an equivalent
code, Q079 that has automorphism s ¼ ð1; 2; y; 5Þ ð6; 7; y; 10Þy
ð76; 77; y; 80Þ:
From now on C will be a self-dual binary code of length 88 which has
automorphism s: Denote FðCÞ ¼ fvAC j vs ¼ vg and O1 ¼ f1; 2; y; 5g; O2 ¼
f6; 7; y; 10g; y; O16 ¼ f76; 77; y; 80g: Let EðCÞ ¼ fvAC j wtðvjOiÞ 
0 ðmod 2Þ; i ¼ 1; 2; y; 16 and vi ¼ 0 for i ¼ 81; 82; y; 88g; where vjOi is the
restriction of v on Oi:
Lemma 1 (Huffman [5]). The code C is a direct sum of linear subspaces: C ¼
EðCÞ"FðCÞ:
Let P be the binary [5,4] code containing all the vectors of even weight. It is clear
that P is a cyclic code and a ﬁeld with 16 elements. We have P ¼ f0; e; a; a2a3g where
a ¼ 1þ x; e ¼ x þ x2 þ x3 þ x4; and multiplication is modulo x5  1: The subcode
EðQ079Þ; considered as a code over P; is a [16,8] linear code which is self-dual under
the Hermitian inner product ([5], [11]): /u; vS ¼P16i¼1 uiv4i : A generator matrix over
P for this code, determined with the aids of Maple 7, is given below
G ¼
e 0 0 0 0 0 0 0 a6 0 a2 a9 a5 a2 a2 e
0 e 0 0 0 0 0 0 a9 a13 a11 0 a10 a a10 a11
0 0 e 0 0 0 0 0 e a4 a10 a13 a2 a7 a7 a12
0 0 0 e 0 0 0 0 a10 a a11 a13 a2 a a11 a
0 0 0 0 e 0 0 0 a13 a4 a9 a14 e e a a3
0 0 0 0 0 e 0 0 a5 a6 a5 a e a6 a11 a12
0 0 0 0 0 0 e 0 a12 a11 a5 a2 a a2 a14 a9
0 0 0 0 0 0 0 e a a11 a6 a a10 a11 a2 a12
0
BBBBBBBBBBBBB@
1
CCCCCCCCCCCCCA
:
We use Lemma 1 to determine a family of self-dual doubly-even binary codes of
length 88. To obtain a code C of that family we pick a permutation m of the numbers
f1; 2; y; 16g: Then we have to determine the subcodes EðCÞ and FðCÞ: Denote by
Gm the matrix obtained from G by permuting its columns with m (column number i of
Gm is equal to column number m1ðiÞ of G; i ¼ 1; 2; y; 16). The matrix Gm
determines a binary matrix Gm2 : To obtain this 32 80 matrix we replace each entry
ai of Gm by the 4 5 circulant type matrix with ﬁrst row equal to the coefﬁcient
vector of ai:
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We use one generator matrix for FðCÞ regardless of the choice of m: To obtained it
we consider the ‘‘contraction’’ map p : FðCÞ-GFð2Þ24 which deletes all but one of
the coordinates of vAFðCÞ in every 5-cycle of s: It follows [5] that pðFðCÞÞ is a self-
dual doubly-even code of length 24. Since we want to obtain an extremal code C; the
best choice is to use the unique extremal doubly-even code of length 24. Thus we
consider only the case when pðFðCÞÞ is equivalent to the Golay code of length 24.
Since C has automorphism s; any vector from C is in an orbit of length ﬁve or
one. A vector from C forms an orbit of length one if and only if it belongs to FðCÞ:
As any doubly-even extremal code of length 88 has exactly 32164  4 ðmod 5Þ
vectors of weight 16, the code FðCÞ must have 4 ðmod 5Þ vectors of weight 16. A
computer check shows that the following matrix:
H ¼
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 1 1 1
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 1 1 1 0 1 0
0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 1 0 0 1 0 0 1
0 0 1 0 0 0 0 0 0 0 1 0 0 0 1 1 0 0 1 1 1 0 0 1
0 0 0 1 0 0 0 0 0 0 1 0 1 0 1 0 0 1 1 0 1 0 1 0
0 0 0 0 1 0 0 0 0 0 1 0 1 1 0 0 0 0 0 1 1 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 1 1 0 1 0 0 1 1 0 1 0 1
0 0 0 0 0 0 1 0 0 0 1 0 1 1 0 1 0 1 0 0 0 1 1 0
0 0 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 1 1 0 1 1 0
0 0 0 0 0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1
0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 1 1 0 1 1 0 1
0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1 0 0 0 1 1 1 1 0
0
BBBBBBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCCCCCA
generates a [8,12,24] self-dual binary code (the Golay code) that can be used to deﬁne
FðCÞ: We have to repeat ﬁve times each of the ﬁrst 16 coordinates of that code and
leave the last 8 coordinates unchanged in order to obtain the subcode FðCÞ: Let H 0
be the matrix obtained by repeating 5 times each of the ﬁrst 16 columns of H and H 00
be the submatrix of the last 8 columns of H: The next lemma follows from [5,11].
Lemma 2. For any permutation m of the numbers f1; 2; y; 16g the matrix
G
m
2 0
H 0 H 00
generates a doubly-even self-dual [88,44] code.
We consider permutations m for which mðiÞ ¼ i if io9: So m is completely
determined by the numbers mð9Þ; mð10Þ;y; mð16Þ given in the rows of the second
column of Table 1. Knowing m we obtain a doubly-even [88,44] code from Lemma 2.
A computer check shows that the codes determined this way in Table 1 are extremal.
We use the same invariants as in [3] to prove inequivalence of the codes. Let Alt be
the number of codewords of weight 16 in an [88,44] self-dual code that have 1 at
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coordinate positions l and t: It is easy to check that the set of numbers
fAlt j 88Xt4lX1g is invariant for equivalent codes. Hence the smallest (largest)
number mð2Þ (Mð2Þ) in the set is also an invariant. The values of mð2Þ and Mð2Þ for
the new codes are given in Table 1. We computed these values for the previously
known 34 codes as well. There are only two pairs of codes among the previously
known and the new codes that have the same invariants mð2Þ and Mð2Þ: They are
C6; C15 and C20; C24 from Table 1. The second smallest value in the set
fAlt j 88Xt4lX1g for these four codes is 907, 913, 877, and 847, respectively.
Hence the new codes and the previously known codes are inequivalent. Thus we have
the following result.
Theorem 1. There exist at least 70 extremal doubly-even self-dual codes of length 88.
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